The article focuses on the inverse heat conduction problem which implies defining constant thermal properties (the thermal conductivity and thermal diffusivity) of flat solids, based on five measurements of temperature. The authors find the solution of nonstationary direct problem with a point source of heat in the plane with the Laplace transform in time and the Fourier one of the coordinates. The equation is obtained to determine the existence and uniqueness of the solution of the inverse problem.
Introduction
In this article we consider the problem of computing two constant thermal properties of a flat solid body -thermal conductivity and thermal diffusivity (inverse problem). In this case we use the thermal contact method of interaction with the body under study. As it is well known [1] , the coefficients of thermal conductivity and thermal diffusivity are important parameters of substances because they allow us to describe the process of heat transfer.
Note that articles [2, 3, 4] present theorems of existence and uniqueness of solutions of some one-dimensional problems to determine the thermal characteristics when the object under study is in the form of a flat layer. Article [5] considers the multidimensional case. In [6] a gradient method for solving two inverse problems for anisotropic plate is described; for a nonlinear one-dimensional heat equation numerical methods are discussed in articles [7, 8, 9, 10, 11] . The use of such schemes often requires not only complicated iterative calculations (with repeated solution of the direct problem), but also the knowledge of temperature change in time within a solid at some point (boundary condition), which is not always physically possible. The most comprehensive survey of classical methods for solving inverse problems is presented in book [12] .
In practice [13] many researches choose approximating dependence of thermal conductivity on the temperature of a certain class of functions in accordance with the theory of lattice thermal conductivity of the solid body lattice and the experimental conditions [14] .
Another method for calculating the thermal conductivity coefficient, used today, is a molecular dynamics simulation of the crystal lattice. In article [15] germanium single crystals are considered as containing both an ideal lattice and defects (with the single vacancies). The drawback here is the enormous amount of computation due to the large number of atoms in the lattice (in [15] it was taken equal to 129600).
For constructing solutions of direct linear problems of heat transfer the Laplace transform is often used [1, 16, 17] . In some recent articles [4, 18] this integral transformation also finds its application. In present article to find the distribution of temperature T bnd (x, t) on the boundary of two flat solids, the Laplace transform in time t and Fourier one of the coordinates (for x) will be used.
The aim of this paper is to determine the constant coefficients of thermal conductivity and thermal diffusivity of the material under study from the found function T bnd (x, t), using five measurements at the boundary. We can get not only the thermal characteristics of the studied body, but also a tension of the heat source. This is an advantage of the method used. Therefore, it takes five measurements.
Statement of the Problem
Let us consider two infinite solid bodies having a common flat boundary, Fig. 1 . In this figure, 1 is a material with known parameters λ 1 and a 1 (coefficients of thermal conductivity and thermal diffusivity, respectively), 2 is a material with parameters λ 2 and a 2 , which are necessary to determine, 3 is a heat source located along the axis of Oz. The temperature is measured at the boundary of two bodies by point sensors.
Let us get a mathematical model of the propagation of heat with the following assumptions:
1. The heating element 3 acts instantaneously at the initial time, allocating thus amount of heat Q l per unit length (a tension source [J/m]). Its dimensions in any section plane parallel to xOy, can be considered point.
2. Thermal resistance on the boundary of the solids is none.
3. Solids 1 and 2 are divided by infinitely thin thermal insulation in the plane yOz.
4. At the initial time the solids have the same temperature T 0 anywhere. Therefore, we'll start counting temperature from the value of T 0 for the convenience.
5. At infinite distances from the heat source temperature does not change and tends to zero.
This problem is reduced to a two-dimensional heat conduction problem, Fig. 2 . Let us denote by T j (x, y, t) temperature at coordinates (x, y) of j-th field (j = 1, 2) at time t. The system of differential of equations is
where f (x, y, t) = q 1 δ(x)δ(y)δ(t) is a density function of the heat source, δ(x) is the Dirac delta function,
ρ 1 and c 1 are the density and specific heat capacity of material 1, respectively.
From problem (1)- (7) we proceed to a more general problem, when an instant source is located at the point (0, ξ), where ξ is a positive number:
Note that equation (13) expresses the condition of thermal insulation (item 3 assumptions).
Solution of the Problem of Finding the Temperature Distribution on the Boundary of Two Solids in the Operator Form
Let us apply consistently the Laplace transform of L t on the variable t and Fourier cosine transform on the variable x to the equations (8), (9) , (11) and
using the initial condition (10) and boundary conditions (13) and (14) . After transformation system takes the form:
where
Equations (15) and (16) have common solutionŝ
where A, B, C, D are an arbitrary constants,T part is a particular solution of equation (20) . Let us seek aT part . Use the integral representation of the delta function
Let us represent a particular solution in the form
and find the functionT (α). For this let us substituteT part and δ(y − ξ) in the equation (15):
Hence let us find
dα.
Based on the integral 3.723-2 [19, p. 424] we get
The expression (22) let us substitute in (20) :
With the conditions (17) and (18) let us find the coefficients A and D:
Thus, we get an operator solution of the problem (8)- (14):
for y ≥ 0,
Let us the temperature at the boundary of two solids when an instant source is at the point (0, 0). Here, we note that
Letting y and ξ to zero in the limit we get the desired solutionT bnd (s, p) problem of the temperature distribution on the boundary of two solids in the operator formT
Finding the Original Function of the Temperature Distribution
Let us transform (23):
. Use the integral transformation 2.30 given in [17, p. 194] :
Next, we use the image shift theorem: Let us find the integral
Integrate by parts: We get from the integral of I 1 a linear first order differential equation for the function Ψ(x). Cauchy problem has the form
Let us substitute in equation:
We get
where i is the imaginary unit. We get
The integral I 2 is similar:
After simple transformations, we get the temperature distribution on the boundary of two solids
Determination of the Thermal Properties
Let us find the unknown parameters λ 2 and a 2 by the measured temperature at the boundary.
Let us estimate the term ∆ in (24). Using the mean value theorem for definite integrals:
where λ max = max{λ 1 , λ 2 }, a max = max{a 1 , a 2 }. Then
Therefore, in the formula (24) for x → 0 only ∆ → 0; with increasing values of t from some time there is a decrease in ∆. Therefore, let us choose an arbitrarily small value x = R (a point of measurement) that the contribution of term ∆ in temperature will be less than the measurement error, where it can be neglected. In this case we need to know [20, 21] preliminary estimates values of the unknown parameters λ 2 and a 2 , as well as the value of Q l . The latter can be obtained by measuring the temperature at the point x = 0 at time t * . Let us define u * = T bnd (0, t * ).
From formula (24) we get
Then we can rewrite (24) as
Suppose that at the point x = η, η ∈ (0; R], in times t 1 , t 2 and t 3 it is measured temperature u 1 , u 2 and u 3 respectively. We get a system algebraic equations
Let us exclude the variable of Q l from the system (26). Dividing the third equation on the first and on the second, we get
Let us consider the special case of (27) when
Let us introduce the notation
The system (27) takes the form
where ϕ is a new unknown (instead of a 2 ), ν determined from the known values; whence
Dividing the first equation of the system (28) on the second, we get
We get a quadratic equation for ϕ:
Discriminant of the equation (29) is equal to
If Θ > 1, then the equation (29) has two positive roots. Then if these roots define a positive parameters λ 2 and a 2 , it is proposed to hold the fifth measurement control temperature at the boundary. By the computing values on the formula (25) and the measuring value let us determine which value is a suitable. Note that the existence of the inverse problem solution also determines the value of D 1 . The value λ 2 computed from (28).
Conclusion
In this paper, we considered the problem of finding a permanent thermal conductivity and thermal diffusivity of flat solids. The result is a method for determining the coefficients on temperature measurement on the boundary of two bodies with known and unknown thermal properties. Five measurements are proposed to be done: the first trial is to assess the heat source and the choice of subsequent measurements, the second -fourth ones are to calculate the unknown coefficients from equation (29) and system (28) and the fifth control is for verifying the found values. Before making the measurements, it is necessary to have estimates of the values of the unknown coefficients, such as handbooks.
The application of this method is limited by the fact that for substances the thermal parameters of which strongly depend on temperature changes, it can be applied only in a narrow temperature range. Also one of the prerequisite is the theoretical unlimitedness of the body under study. Practically this can be achieved if measurements are made at a considerable distance from the transverse boundaries of the body.
It is found in the article that the inverse problem doesn't always have a solution and it is not unique. Thus, in some cases, the problem is ill-posed.
